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866. 


NOTE ON KIEPERT’S Z-EQUATIONS, IN THE TRANSFORMATION 
OF ELLIPTIC FUNCTIONS. 


[From the Mathematische Annalen, t. Xxx. (1887), pp. 75—77.] 


IT appears, by comparison with Klein’s paper “Ueber die Transformation u. s. w.,” 
Math. Annalen, t. x1v. (1878), see p. 144, that Kiepert’s ZL made use of in the 
Memoir “Ueber Theilung und Transformation der elliptischen Functionen,” Math. 
Annalen, t. XXVI. (1886), pp. 369—454, is, in fact, the square of the multiplier, 
“fiir das durch VA normirte Integral,” viz. considering the general quartic function 
(a, ...) (w, 1*=(a, b, c, d, e)(#, 1), and the transformed function (q,...) (y, 1), then 
we have 

DVd: _—§s- Vady- 
vV (a, ...)(@, 1 Vlan «..) Y I 


I = ae —4bd + 3c’, 
J = ace — ad? — be + 2bed — c’, 


where if 


and similarly J,, J}, are the invariants of the two functions, then A, A, are the 


discriminants 
A=f?-27J3, A = J} 27e, 


and the y, y, of Kiepert’s equations are 
TAA Me A, 
whence 
yè m 274; =], 


In particular, if the forms are 


1—4,1 ka, and 1—y*.1—aty, 
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and if as usual k=w‘, X=v', and M is the multiplier for the form 


da Mdy 


Vi-@.1—-he Ni- =y. 1- Ny 


then we have 
I= y (1 + 1408 + u), 
J = ste (1 + wu’) (1 — 34u + w), 
A= (l-u, A = tl — 0°), 
8 16 8 8 16 
=} %2 1 + 14u8 tu" (1 + u8) (1 — 34u5 + u) 


ub (1—as)t ” Lok a ut (1 — uY 


2 


and thence 
TA A 


which last equation is the expression for Z? in terms of the Jacobian symbols u, v, M. 
As an easy verification in a particular case, suppose n= 5. We have here 
oa v8 (1 — 08)8 T Be ak a (= v+ UŽ ) 
uë (1 — u)? M v— u’ 5u (1 + uwy 
u — v8 + Suv? (w — v?) + 4w (1 — uwt) = 0, 
8 16 
Lge 1+ 14w ude ; 
u? rae u8)? 
and it should be possible, by eliminating u, v, M, to deduce hence the L-equation 
Le + 10L° — 12y, L+ 5=0. (Kiepert, p. 428.) 


It does not seem in any wise easy to do this in the case of an arbitrary modulus; 
but writing the modular equation in the form 
(u? — v) (ut + 6uv + vt) + 4w (1 — uwt) = 0, 
we satisfy this by 
w—-1=0, ut+uw +u =O, 
or say by 


ves, w+ 6u4+1=0, 


and the equation may be verified for this particular modulus. 


We have 
14+ 14u8 + u% = 48u8, (1—u8)? = 32u, 
. and consequently 
375 48u8 24, Sul 
_——,; — 98 "+" [=], (whence also y;=0). 
u? (82u8)! a 3 ut 2h ( pA 


62—2 
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Moreover 
tt 
yaw “ae Data arsed 
LARAP wl—-w wilt+w+ uy)’ 
u 
and thence 
1 = 
al Le eee ee ee ee 
“AAM wow uM 
that is, 


P=a14+uv+u— 
But we have 


ui=—342 2, 
and thence 

w= i(1—Vv2), w?%=1(14+ 2), 
and 

L= 1+2, 
whence 


L” + 10L°— 12y, L? + 5 = (117 + 44i) + 10 (— 11 — 2i)— 12 (1 + 2i) +5 =0, 


or the L-equation is satisfied. 


Cambridge, 14 March 1887. 
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